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TAZH:
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KATEYOYNXH: OETIKH & TEXNOAOI'IKH
MA®OHMA: MAOHMATIKA KATEYO® 2

Hpepopnvia: M. Tetaptn 11 Arprrion-2012

AITANTHXEIX
OEMA A \
Al. B\éme Zyohxo Biiio, cerida 217 v &n tov Bewpnuartog.
A2. Bléme Zyohkd Birio, cerida 150 rzgl ueyiotov.
A3. B\éme Zyohxo Bifiio, cerida 234 fnv ov tomov (a)'= o Inat
Ad. i AnOfc. Bhéme Tyohko @B% /G 152 1a. oM.
ii. Yevdnc. Biéme Zyolkd 10, 90 115 dLVAELS TOV 1 HEV = 3.
iii.  AMOnc Bréme Syohkd BipAi i5a 165 10 Ochpnpa 1°.
iv.  Alnongc. Biéne Xyo0) ; BsMSa 241 tov opiopd Tov puoPoL
uetafoirnc.
V. AlnOng. BAéme Xyohkd @ oerida 261 1o oydAo tov Oewprnartog
tov Fermat. @
OEMA B %
Bl1. To nedia opto v £, g etvan avtictoryo ta Ar = R ko A, = (0, +o0)

£010 0pIGOV TO GHVOLO
{xeA, xou g(x)e Ag} ={x>0 ko g(x)e IR} = (0, +0)

F1 1EC TIHEG TOV X, EYOVUE:
(fog) (x) =1 (2(x)) = ¢ 2 = e =x

e (fog)(x)=x pexe(0,+x)
g gzof opileTou 610 GOVOAO

L

{xeA; ko f(x)e A,} = {xeRka €7>0} =R
[ té€toteg TIHEG TOL X, EXOVIE:

(gof)(x)=1nf(x)+2=lnex’2+2=(X—2)+2=X

Qorte (gof)(x)zx pe x €IR
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B2.

B3

OpPIoHOY, ETOUEVAC OeV Elval 10€G.
[Na k4e x;, x,€IR €yovpe

X1¢X2:>X1—2¢X2—2:>exl2¢eX22:2@§&f(X2)

[Mopatnpovpue 6t 01 cuvaptnoelg fog kan gof dev Exovv 10 @&0

Emopévagn f etvan 1 — 1 xou €xet avtiotpoen. ‘Exovue
y=f(x)oy=¢e"

< x-2=Iny, @@0
S x=lhny+2, y>0
Apaf '(x)=Inx+2, x>0 @

®ewpovue ™V cuvaptnon h(x)=e*"’ —@ -2, Xe [e’z, 2} :

e H h givan ovveyne. Ipdypoart n w@n e*” eivan cuveyfc, mg cvvOeo
ETUK

NG TOALVOVLIKNG X — 2 uE rq@ , Ol OTOiEg €lvanl GLVEXEIC.
{ TPOKYATEL OO TTPAEEIC TV GLVEXDV

2 (otaBepn).

Emopévog n h eivan coveyng,
cuvapticenv ¢ 2, Inx (hoy
e Eivau

Kol @
_e@z—z =—1-In2<0
Omnorte:
(e 2)=¢* 2(-1-In2)<0

Epapudleron, emojievoc to ®ebdpnua tov Bolzano yio v h oto didotnua

X,)=0<e" 7’ ~Inx,-2=0< e =Inx, +2

, otin e&lomon €'’ =Inx+2 £yet wc pila Tov ap1dud

Avto onua
Xy € (z 32) Ko amodetkvieL To (ntovpuevo.

Xx—2
Eiver Tim — ) _ fim ©

et 1 1
2

=0, yati

0=0 Kot  lim x=-o0

lim e 2 = lim —=—lime* =—--
X—y—0 x>0 @ e’ x> e X—y—0

Axopa, fim —28)__ i, Inx+2

. Enedn lim (Inx +2) =+ ko lim x = +o0
X—>+00 (ng)(X) X—>+00 X X—>+00

X—>+00

EYOVUE QITPOGOLOPIGTI LOPON % Eivar lim M = lim L 0, omote OO
o0

X—>+00 (X ) X+ %

t0 avtiotoryo Bedpnua tov De L” Hospital &yovpe:
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g(x) ~ lim 1nx+2 (lnx+2) B
X—>+00 (ng)(X) X—>+o0 X xaw&

Qote lim f(x) = lim g(x) =0 i\@

e (gof)(x) x> (fog)(x)

O

&

OEMAT
rr.. i Eivar 1+3a? #0, omoTe: @
1 ~[Fau (d
f(x)= 1 1)
) 1+ 30’
H ovvapmon 2tf(t) eivon ovov WG YWOUEVO TMV GLVEXDV

ocuovaptnoewv 2t kon f (t), omot ocuvaptnon mov opileTon amd TO

ohoKA PO LXth (t)dt siva? P y%iﬂun, Gpo kou M —J;Xth(t)dt

, , , , 7‘[)‘ 2£(1)dt ,
geivan  mapayoyiown. Enouévoc e
Tapoy®yiolun  ®g GOV%//V @YICIHOV  GLVAPTNGE®Y, TNG

véptnon

s

—LX 2f(t)dt pe v exBemt

SAadH M £(x) = 1 A ”

f'(x) =

= f(x)(= = —2xf ?(x)

é@ié\/mg vrdpyer ce R dote

1

——=x"+c¢
f(x)

H (1) yio x=1 diver f(1) = !

1+3a’
, 1 )

H (2) diver %=1+c<:>1+30c =l+c<c=3a’

& Apan (2) oiver f(x)=— ! 5
X +3a
I'2. ’'Eyxovue

, Yo kafe x € IR

VOUEVO NG eni TOV op1Opo

o , , , —[F2tr(tyat
ii. Mo K(@x e R givar f (x)> 0, agov 1430 >0 kon e !

v o P00 [Ty
£1(x) = —2xf (X)<:>f2(x) 2X<:>|:f(x):| (x*)

evan

1430’

civon Tapaymyioun. ‘Exyovpe

t)dt 1 j th(t)dt( )
2tf (t)dt
55 e

>0. 'Etol

2)
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I'3.

AN | |

L

[ tfwat :ja L @430 [llnltz ﬁ%&
0 0 0 t2 + 30 2 @ 0
len4oc2 —llnfioc2 :llnﬂ %
2 2 2 3

H tyn avm elvan aveEdptnn toL 0.

%
H f, og pnm), €ivon cuveyng kon 600 Qopéc mapory i oto R pe

, 1) x% +302) 2x
f(X):( 2 ZJ:_(Z 2Ny 2 252
X~ +3a (x* +3a (x"+3a7)
To mpéonpo g f* pe v povotovia Ko otaro ¢ f eaivovron otov
EMOEVO TIVOKQL: @

X —00 0 +o0

f
H f eivon yvnoiwng omﬁov §>81 (=0, 0], yynoimg ebivovoa cto

[0, +00) Kou Exet 07»11(0 oTO r@ 3
o

INomv £ &govpe:
f"(x)@ §§} L, +30°)? —x| (7 +3a%) |

(x* +3a’)’ (x* +3a?)*
_2(@3a ) —4x*(x* +3a’ ) _ 2X2+30L2—4X2_6 x* —ao’
Q (x* +30%)* (x* +3a%)} (x* +3a%)}

To npd ncf '’ pe mv kvptomta g f kou Ta onueio Koumg ™G
Qatv LOTOV EMOUEVO TIVOKAL:

X7 | o —|a |a| +00
ﬁ" + 0 - 0 +

f S 4a’ N 4ol N,

CcK CcK

H f eivon kupt) og kaBéva and ta dwactnuata (—oo, —|af], [|af, To0) Ko koiin
oto Stdotnpa [—ol, |af]. Exet onueia kapmic to (<af, 1/407) ko (o), 1/40)
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EYOVLE:

lim f(x) = lim

X—>+0

Apa Exel oprldvTIo AGOUTTMTI GTO +00 KOl GTO
ZOUQOVOL LE T TOPOTAVE® GLUTANPDOVOVUE TOV €

2

lim f(x) = lim ————

X—>—n

o x +3a

x>0 x 7 + 30,7

2

X—>+0

—hm—@
X—»—00 X

VoOEOVOL TV X.
VO Tivoko LETOOADV:

—00

H f, ogovveymg oto IR, dev €yl KATAKOPLOES AV UTTOTEG. Zr@»«u —o0

1

i

=

&@

X —00 —|a] 0 <©> +00
[ + t 0 Ok =
£ + 0 - - +

1 v
4o %:\f §> o’
f
cK X
H ypagikn napdotacn m sno LLEVO GYM oL
<\
1.'3(1
= ;_.l"x:l ==
{1
/ AN
2R
- PN
— —" o : - ‘.:X
o] O o

Mpnon. H feivon dptia apov yia kédbe x € IR 10 —xelR ko

1

1

f(-x) =

(—x)* +3a.°

x? +3a?

=f(x)

TOUEVMG UTOPOVUE VAL TNV HEAETHHGOVUE 6TO drdotnpa [0, +oo) kot vo
enekteivovpe Ta svpmepacpata oto R

To {ntovuevo epPadd (Bréne ™ ypagikny mapactacn g f ) elvan peyarlvtepo

a6 1o euPfado E, =

1
jotf—=

4o

4la]

tov opBoywviov mov opileton amd TOVG
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Al.

L

Q
OEMA A @

. , 1
dEoveg ko TiG gvbelec x = 0, y= 2
a

~, KOl HIKPOTEPO @0 enpaod

1 1 , , , p
E,=lo|—= tov opBoywviov mov opiletan amd ;ﬁ? Eoveg kot TIg

30" 3o
gvbeleg x =0, y= ! Enopévo ! <E< ! @
R A TP T
Al®g: Me a> 0, ereon f(x) >0 eivar E:j |f :j f(x)dx . H f eivan
0 0

yvneing edivovca 6to 81('xcsrnua [0, (x] omote Yo X&[0, a] eivon
éa

Emelon ot avrtictoyeg womrsg 88\/ wxvo € 07»0 10 [0, a], £&yovpe
J- { K } dx >0
0 Nty
o | fx)dx { } > %&&1
e &x
SE--1 50 a2 >O@<E<L<:>;<E<L
O

4a 4al 30 4o 3o

_ J-:f(x)dx )

2

Me a < 0 Ba epyactovpe

Oétovpe @

x+2
x+2

? ling(x) =-1 (1)
w Ly
f(x)=(x+2)g(x)+2e""?, x£-2 ?2)
E
lin}z[g(x)(x +2)+2e"?] = lin}z[g(x)(x +2)]+ lir{12 26" =0+2=2
OTtOTE

lim2 f(x)=2
H £, og mopaywyioyun oto IR, eivan cuveyng oto IR, dpa kot otox, = -2, €161
lim2 f(x)=f(-2)=>1f(-2)=2 3)
‘Eyxovpe, pe x # -2

TA OEMATA ITPOOPIZONTAI I'TA AIIOKAEIXTIKH XPHEH THE ®PPONTIETHPIAKHY MONAAAX YEAIAA: 6 ATIO 8
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,(3 X+2 X+2 X+2
f(x)-1f(-2) (1):( ) (x+2)g(x)+2e 2 _ (x+2)g(x) 108 @X)_i_ze 1
X+2 x+2 xX+2 X X+2
X+2
To op1o lirn2 © N 21 gVl 0TPocIOPLETH HOPPT] TOTOV 9 patnpovue 0Tt
X—>-2 X

x+2 1\
lim u =lim(e**)=¢" =1

x—>-2 ! x—>-2
(x+2) , |
Emopévac, epapuoletar o avtiotoryog kavovas t > Hospital cOpeava
e 1o omoio Ppickovpe

Tote

X+2

£'(-2) = lim

X2

1e9-1CED) _ — lim g(x)+2 lim <1 |
X X -2 X—>-2 X+2

21N GLVEYEID TTAPATPOVUE OTL si\/@ﬁm, ywti £ '(x) < 0 oto R
Enopévog ta onueio g C %1 r% T TA OavTioTOU(OL oMUElN TNG

EPOTTOUEVIG TG OTO GNUELD (—g% )), €KTOC TOL oNUEIOL ETAPNC TOL
elvan ko6 onueio. H e€low G TOUEVNG Elval:
K2

y—f(2)= y—2=x+2&y=x+4

Apa f(x)<x+4 ya K@ €
Hapatipnon. H GX ™ “» EIKVOETON Ko [LE TN fonBeta TG cuvdptnong
T(x) = f(x) —x—4,7 omoitL el uéywoto 1o T(=2) = 0.

Ol

Eivu f(-2)=
oto (-2, 0) napayoyioyun oto R . Eeapudleton, emopévac, to Bedpnuo
tov Rolle mv f oto dwotnua [-2, 0], ondte vdpyer x, €(=2, 0) t€too,
wote f' 0. Exeidnq £ (x) <0 n £ givan yymoiog edivovca oto R, ondte
TO X 6%%\/&81]@1 g pila Ko

e vy KdBe X € (-0, X,) etvoux <xo=>f'(x)>f'(x0) >f'(x)>0

=2. Axépa n f eivan cvveyng oto [-2, 0] ko Tapaywyicun

) 'KAbe X € (X,, +0) eivanx>xo = f '(x) <f '(x0) = f'(x) <0
Apam f og cuveyng éxet péytoto (ohkd) to f(x,) pe x, €(-2, 0).

@ Hf eivan yvnoing ebivovsa oto IR, emopevag eivan 1-1, omote

2(x-5) 2(x-5)
f'(j0 f(t—x)dt)zf'(0)<:> jo f(t—x)dt =0 4)
Apxel va deifovpe, 0t N (4) €xet povaodikn piCa oto Ry x = 5.
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[Ipbypatt, yic x =5 1 (4) enrainBedeton, yrori yiveton J.Oof (t— 0.
[Mao va dei&ovpe v povadikotnta g pilag Bewpovue v cz@mc’n
heo=[""f(t-x)dt, xeR

O¢tovpe t—x=u, ondtedt=du. '@ t=0 10 u=- Yy t=2 (x-15)
o u=x— 10, emopévag

heo =" fdu= [ f)du = f(w)du

Ereto n f  eivon ocvveyng, 1 wvd@n ox) = J.Oxf (u)du eivon

TOPAYOYIGIUN, ETOUEVOS KO 01 GUVOEGELQ T%
TOPAYOYIGIUES UE

(jox f(u)du)—(x 10)F(x'—10) = f(x — 10),

0 f (u)du@ )i = —f(—x)
Emopévog nh eivon mopayomyic L0l TOPAYOYIGTH®V

CLVOPTHGE®V, LE

— 10 xou —x pe Vv @ givan

=f ( ) +(=x)
Emeon, omd 10 epOnUQ ) S vy kabe X €IR, elvan
h'(x) =f(x f( x 10)+4+(—x)+4=-2<0
Apan h givan yynoiog @bivov 0 usvwg kot 1-1, wov onuaivel 6t n pila
g €ivon povadikm. HeL T0 {NTOvEVO.
Ad. Xto gpotnua Al deifope § ) <0 o710 (X,,+0) pe xoe(-2, 0). Emopéveg 1
f eivon ywnoi fivovca’oto Sdompa [0,40). Eivor |z+i|=0 o
|Z| +1=1> 0 010 pETPO KdBe pryadikov givan pn apvntikdg apBude. Torte,

e IR maipvoope:
Z|+1)<:>|Z+i|2|z|+1
S| x+(y+Di|2]x+1y |+1
<:>\/X2 +(y+1)° 2\/X2 +y? +1
2
<:>(\/X2 +(y+1)2)z 2(\/X2 +y’ +1)
<> SX Yy 2y +12xP+yt +2yx  +y? +1
<:>y2wlxz er2

© y
& S y20 ko y22( X2+y2)

&y20 kar x° <0

< y20 ko x=0, dpa z=1iy,y € R", pavtoctiKoc.
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