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MAGHMA: MAGOGHMATIKA II @

Hpepopnvia: M. Teraptn 11 Arpririo %2

AIIANTHZEIZ @0

OEMA A

Al. B\éme Xyohxo Bifiio, oerida 217 v amd D\sbn oV Oewprparog.

A2. Bléme Zyolkd Birio, oerida 150 tov m@% TOV pHEYIOTOV.

A3. Bléne Zyohko Bifiio, cerida 234 v axtdoeréyTov Tomov (o) = o Ina.
Ad. i Alnong. BAéme Zyolkd B %e

B1.

OEMA B ﬁ%j

ii. Yevong. Biéme Zyohko B

M T, GYOMOL.
i0;/c€ ﬁ% TIG SUVANELS TOV 1 PHE L = 3.
iii.  AMORc BAéne Zyohud Bikio, % 165 70 Osdpnpua 1°
iv.  Alnonc. Biéme Zyohko Bt i(& o 241 tov opiopud Tov puduov
netaffoAnc. <§
V. AlnoOng. BAéme Zx@ 1 sMSa 261 10 oMo Tov Oe®pPrHaTog
tov Fermat. Q é

Ta wedia opropovzov f, g avtictoyyo ta Af = R ko A, = (0, +o0)
e H fog éxer %pwuob TO GUVOAO

@eAg Kot g(x)e Ag} ={x >0 xon g(x)e R} = (0, +o0)
ér TIHES TOV X, EYOVUE:

(fog) (x) = £ (2(x)) =" = e =x

ot
Qéﬂfog)(x) =x pexe(0,+w)

o of opileton oto chvoro

{xeA; ko f(x)e A} = {xeRka €7>0} =R

I

A ["a tétoteg TIHEG TOL X, EXOVIE:

L

(gof)(x)=1nf(x)+2=lnex’2+2=(X—2)+2=X

Qorte (gof)(x)zx pe x € R

[Topatnpovpe 611 01 cuvaptioelg fog kot gof dev Eyovv 10 1610 TEdIO
OpIoHOY, ETOUEVAC OgV Elval 10€G.
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E%}/I)S@T(u)

B2. T'wkdBe x;, x,€IR €xovpe

X #X, 2> X -2#X,-2=¢e" Preh? ﬂf(x@

Emopévagn fetvon 1 — 1 ko €xet owﬂcsrpocpn ‘Eyxovpe
y=f ( ) Sy=¢"
< x-2=Iny, y>0

S x=lny+2, yx0,
Apaf ') =Inx+2, x>0 @

B3  @cwpobue ™y cvuvépmon h(x)=e"?—In X@ X € [e’z, 2} :

e H h givan ovveyne. Ipdypart n covép
NG TOAVOVOIKNAG X — 2 HE TNV €
Emopévag n h swoa oLVEXNG,
ocuvaptnoewv e -, Inx (Aoyoapl0 zggq)

e FEivau

%e“ glvon cuveyns, g cvvheon

1 e*, ol omoieg eival GuVEXELS.

Tel and TPAEELS TOV GLVEYDV
tafepn).

h(e?)= 622—@%@ 2y2-2=¢ >0
Ko &

h(2)=¢ @ 2=-1-In2<0
Omnote: @
e 2) E@ et ?(-1-In2)<0

Epapudleron, emopey 0 @ua tov Bolzano yio v h oto didotnpa

[e7, 2], onote vrdpyet Xoe(le=52) pe h(xo) = 0. Tote

h =0 e’ -Inx,-2=0¢e"" =Inx, +2
Avto onuoiver,) ot eéicwon e =Inx+2 £yl g pila Tov apdud

Xg € (ez,@a amodEIKVOEL TO {NTOVUEVO.

x-2

§ f . €
B4. Ewou B LC.I lim — =0 yiari

“(gof)(x) +>

X
) ~ . e 1 .. 1 )
v. lime*?=lim—=—lime'=—-0=0 ko limx=-o
X—y—0 x>0 @ e’ x> e X—y—0

X—>+00 (ng)(X) X—>+00

<\ ;:(’)ua lim _8() —limlnx—Jr2 Enewon 11m(1nx+2)
X

@ EYOVLLE ATPOGIOPIOTY uop(pn —. Eivan lim (nx+2)!

To avtictotyo Bewpnua Tov De L Hospital &yovpe:
g(x) ~ lim Inx+2 ~ lim (Inx +’2)
X—>+00 (ng)(X) X—y+0 X X400 (X)

= liml

X—>+00 (X) ! X4 ¥

+oo0 KO lim X =400

X—>+00

=0, ondte and

=0
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Qote lim — ) fim —8X)

) o 2y
=0 (gof J(x) x>+ (fog)(x) @\

OEMAT
rr.. i Eivou 1430 #0, omoTe:
1 ~[Faua
f(x)= e % §))
) 1+ 30’
H ovvapmon 2tf(t) eivon ovveyng, g ywvopevo Twv ocuvey®dv
ocuovaptnoewv 2t kot f (t), omdte M ton mov opileton amd ToO

ohoKAM PO LXth (t)dt eivan may ioun, apo ko M —J;Xth(t)dt

glvon  mopaywyiowun. Enoué@n cuvaptnon efIl O evan
Topayoyiciun g ovvle PAYOYIGIU®V  GUVOPTINGE®Y, 1TNG

—J.X 2f(t)dt pe v 81(981711(['@2(\\; 0 @ 0 NG ent Tov aplOuo %,
1 1+3a

1 (t dt& mopaywyiown. Eyxoope
a

: LI S (_ [ 2tf(t)dt)

1+3a’

. , , , —[F2tr(tyat ,
ii. INa K&O%R suﬁ%{x) >0, agod 1+30° >0 Kat e ! >0. 'Etot

vl e P [Ty
Q X)=-2xf"(x) & £ 2x & L'(X)} (X )
En@mg vrdpyer ce R dote

%7? ﬁzszrc ()

1
1+3a%

H (1) yio x=1 diver f(1) =

, 1
H (2) diver %=1+C<:>1+30L2 =l+c<c=3a’

v Apan (2) oiver f(x)=— ! -, 7o kale x € R
X +3a
@ "Eyovpe

o (o t e (t* +30%) 11 2 2
L tﬂom_j) ﬁ+3a2dt—gi)-77:§a;4h— ~In| €430

0
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I'3.

AN

len4oc2 —llnfioc2 :llnﬂ \?
2 2 2 3
H tyn oo elvan aveEdptnn tov 0. 1@

H f, og pntm), eivon cuveyng kon 600 Qopéc mapaywmyict R pe

f'(x):(xz:th - )

(x* +3a%)’ ><20+30c2)2
To mpéonpo g f* pe v povotovia Kot To akpé g f eaivovion otov

EMOEVO TIVOKQL:
@&

EIMTANAAHIITIKA OEMATA 2012 E %}mm(u)

X —o0 % +00
x4

f + -
f / 30&\% \
H f eivon yynoiog avéovoa 6to %@Wnu , 0], yymoing pbivovcsa oto

[0, +o0) Kkou £xel oMK péyioTa Lo £(0) &%@2

Moy 7 éovpe:

O (x* +307) —x| (x* +30)’ |

X)=— =
(x* +3a?)*

__2(X2+30L2 B x’ +3a’ —4x* x* —ao’

: =6
(x> +303) (x* +3a’)’ (x* +3a?)’
To mpoéonuo T Q@us ™V KuptoTTa TG f Ko To onpeio kapmnc g
eaivovtot ?@né LLEVO TTVOIKOL:

X (7 —|a || +00
f + 0 - 0 +
1 1
y A % 7N 8\
[OR < oKX

@ H f eiva Kupth o€ kabéva amd ta dStaotnpota (—o, —|a/], [|a/, +o) Kot koiin

oto Stdotnpa [—ol, |af]. Exet onueia kapmig to (<af, 1/407) ko (o, 1/40)
H f, ogovveyng oto IR, dev £yl KATAKOPLOES AGVURTOTEG. LTAL +00 KOl —o0
EXOVLE:
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: . .1 %7
lim f(x) = lim — —=lim—=0 \
X—>+o0 Xty &4 30(1 Xty @

lim f(x) = lim — = lim — 0%

X—y—0 X0 X< 4 3(1 X—»—00 X

Apa £xel optldvTio OCHUTTMTH GTO 00 KOl GTO —0 TO@V(I TOV X.
ZOUOOVOL PE TO TOPATAVED GOUTANPOVOVUE TOV ETO usvo mivoko petafordv:

X —00 —|a 0 %ﬁ‘ﬂ +00
- . f 0 ) ]
£ - 0 -~ m& 0 +
1 1 1
f 4o /3a2 ®’ 4o
oK m&% % oK

&

(Emc

Hap@ﬁon. H feivon dptia apov yia kébe x € IR 10 —xelR ko

‘ f(—x)= ! ! =f(x)
STon

(—x)* +3a.° x* 430’
EVOC LTOPOVLE VAL TNV HEAETIICOVE GTO Otdotna [0, +oo) Ko va
REKTEIVOLLE TA cvumepdopata 6to IR

To (ntovuevo epPadd (PBréne ™ ypagikny mapactacn g f ) elvon peyarlvtepo

1 J—
4o

a6 1o eppfadd E, =|a|

1
T 4o

dEovec ko TIC evbeleg X = a, y

>

2
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tov opBoywviov mov opileton amd TOVG

Kot pKpotePo amd 1o epPadd
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1 1 , , ,
E,=lo|—= tov opBoywviov mov opiletan amd TODQK& €G KO TIG

300 3o

1

1
evbelec x =0, y = . Emopévem <E<
> MY A T %
AMbe: Me a> 0, enediy £(x) > 0 eivor E :j ()| @ f(x)dx . H f eivan
0 0

yvnoimng edivovoa oto didotnua [0, af, omdte yio 0, a] eivan

1 1 1

£(0) £ <F(0) > <F(0) < 5 & F(X)= 520 Kt ———f(x)0

Emeion o1 avrtictoyeg 160t TEG deV 15 HOVV :@o 10 [0, a], £&yovpe

j {f(x)— lz}dx>0 o ! —f(x)}dx>0
0 4o 3a

X

<:>I:f(x)dx {4(12 } ) & 8 —I:f(x)dx )

0
<:>E—L>O KoaL & E<L<:>;<E<L
4al 3a 30 4o 3o

Me a < 0 Ba epyactovpe ou@

OEMA A Q© @

Al.

2
G _2ex+

X+2

Tote
Q lim g(x) = -1 1)

Q
K(?u %7? F(x) = (x +2)g(x) + 2e*2, x#-2 2)

[g(x)(x+2)+2e"?] = lim [g(x)(x +2)]+ lim 26" =0+2=2

X # =2

>

Oftovpue @ @

1
—>-2

lim f(x) =2

X—>-2

AH f, o¢ mapaywyicn oto R, etvan suveyng oto IR, dpa kot otox, = -2, €101

lir{l2 f(x)=f(-2)=>1f(-2)=2 3)
‘Eyxovpe, pe x # -2
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,(3 X+2 X+2 X+2
f(x)-1f(-2) (1):( ) (x+2)g(x)+2e 2 _ (x+2)g(x) 108 @X)_i_ze 1
X+2 x+2 xX+2 X X+2
X+2
To op1o lirn2 © N 21 gVl 0TPocIOPLETH HOPPT] TOTOV 9 patnpovue 0Tt
X—>-2 X

x+2 1\
lim u =lim(e**)=¢" =1

x—>-2 ! x—>-2
(x+2) , |
Emopévac, epapuoletar o avtiotoryog kavovas t > Hospital cOpeava
e 1o omoio Ppickovpe

Tote

X+2

£'(-2) = lim

X2

1e9-1CED) _ — lim g(x)+2 lim <1 |
X X -2 X—>-2 X+2

21N GLVEYEID TTAPATPOVUE OTL si\/@ﬁm, ywti £ '(x) < 0 oto R
Enopévog ta onueio g C %1 r% T TA OavTioTOU(OL oMUElN TNG

EPOTTOUEVIG TG OTO GNUELD (—g% )), €KTOC TOL oNUEIOL ETAPNC TOL
elvan ko6 onueio. H e€low G TOUEVNG Elval:
K2

y—f(2)= y—2=x+2&y=x+4

Apa f(x)<x+4 ya K@ €
Hapatipnon. H GX ™ “» EIKVOETON Ko [LE TN fonBeta TG cuvdptnong
T(x) = f(x) —x—4,7 omoitL el uéywoto 1o T(=2) = 0.

Ol

Eivu f(-2)=
oto (-2, 0) napayoyioyun oto R . Eeapudleton, emopévac, to Bedpnuo
tov Rolle mv f oto dwotnua [-2, 0], ondte vdpyer x, €(=2, 0) t€too,
wote f' 0. Exeidnq £ (x) <0 n £ givan yymoiog edivovca oto R, ondte
TO X 6%%\/&81]@1 g pila Ko

e vy KdBe X € (-0, X,) etvoux <xo=>f'(x)>f'(x0) >f'(x)>0

=2. Axépa n f eivan cvveyng oto [-2, 0] ko Tapaywyicun

) 'KAbe X € (X,, +0) eivanx>xo = f '(x) <f '(x0) = f'(x) <0
Apam f og cuveyng éxet péytoto (ohkd) to f(x,) pe x, €(-2, 0).

@ Hf eivan yvnoing ebivovsa oto IR, emopevag eivan 1-1, omote

2(x-5) 2(x-5)
f'(j0 f(t—x)dt)zf'(0)<:> jo f(t—x)dt =0 4)
Apxel va deifovpe, 0t N (4) €xet povaodikn piCa oto Ry x = 5.
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[Ipbypatt, yic x =5 1 (4) enrainBedeton, yrori yiveton J.Oof (t— 0.
[Mao va dei&ovpe v povadikotnta g pilag Bewpovue v cz@mc’n
heo=[""f(t-x)dt, xeR

O¢tovpe t—x=u, ondtedt=du. '@ t=0 10 u=- Yy t=2 (x-15)
o u=x— 10, emopévag

heo =" fdu= [ f)du = f(w)du

Ereto n f  eivon ocvveyng, 1 wvd@n ox) = J.Oxf (u)du eivon

TOPAYOYIGIUN, ETOUEVOS KO 01 GUVOEGELQ T%
TOPAYOYIGIUES UE

(jox f(u)du)—(x 10)F(x'—10) = f(x — 10),

0 f (u)du@ )i = —f(—x)
Emopévog nh eivon mopayomyic L0l TOPAYOYIGTH®V

CLVOPTHGE®V, LE

— 10 xou —x pe Vv @ givan

=f ( ) +(=x)
Emeon, omd 10 epOnUQ ) S vy kabe X €IR, elvan
h'(x) =f(x f( x 10)+4+(—x)+4=-2<0
Apan h givan yynoiog @bivov 0 usvwg kot 1-1, wov onuaivel 6t n pila
g €ivon povadikm. HeL T0 {NTOvEVO.
Ad. Xto gpotnua Al deifope § ) <0 o710 (X,,+0) pe xoe(-2, 0). Emopéveg 1
f eivon ywnoi fivovca’oto Sdompa [0,40). Eivor |z+i|=0 o
|Z| +1=1> 0 010 pETPO KdBe pryadikov givan pn apvntikdg apBude. Torte,

e IR maipvoope:
Z|+1)<:>|Z+i|2|z|+1
S| x+(y+Di|2]x+1y |+1
<:>\/X2 +(y+1)° 2\/X2 +y? +1
2
<:>(\/X2 +(y+1)2)z 2(\/X2 +y’ +1)
<> SX Yy 2y +12xP+yt +2yx  +y? +1
<:>y2wlxz er2

© y
& S y20 ko y22( X2+y2)

&y20 kar x° <0

< y20 ko x=0, dpa z=1iy,y € R", pavtoctiKoc.
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