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28 MAIOY 2012
AITANTHXEIX Q
OEMA A Q
Al.  Ocopia, oel. 253, oyoiikov Bipiiov. ; %
A2. Ocopia, oel. 191, oyoiikov Pifiiov.
A3.  Ocgopia, oel. 258, oyoiikov Bipiiov.

Ad. o)X P> Y)-o>A )o>A g > A Z
OEMA B v'
/PPETOAL

Bl. o tpémog: Av z=x+yi, x,ye R, n oxéon \
2

N

|(x 1)+yz| +|(x+1)+yz| 4o (x-1)° x+1) ‘4o x’+y =1.
Apa 0 YEOUETPIKOG TOTOG TOV EKOV® yad apibudv z oto eminedo eivar

KOKAOG e KEVTIPO TNV apyN TOV aé.’;(')t aKtiva

B’ rpénog H oyéon (1) ypd(pswt %

(z-1)-z-D+(z+D)-(z+) =4 +(z+D)-(z+) =4 <

Szoz—z-z+1+4z Z+Z 4@ 2o zoz= 1c>|z| —1<3|Z|

Apo. 0 YEOUETPIKOG ronog’K yadtK®v apldudv z o1o eminedo eivat

KOKAOG e KEVTPO TNV O akd axtiva p = 1.
B2. ’'Eocto |z1 +Zz| =k, @om @

I PN, 2@ e )=2©

2 Z+2,2, — 2,2, —

Z,)=2"(20)

|ZI+ZZ® 4z =x @(zl+zz)(zl+zz):x2<:>
)
2

—\_ .2 — — — - .2
%)=x" & 25+, + 5,5 +25, =X &

| +(z,7 +25,)=x" (2B).

Oérovwg g (2a), (2B) xatd péAN Eyovpe: 2(|zl|2 + |zz|2 ) =k’ +2

pog |z,|=1, |z,|=1 ondte mpoxdmier k> +2=4 <k’ =2 < k=42, apob k >0.

‘W—Sv_v‘zlzc‘w—ﬁ_vr —122 & (w=5w) - (w—="5w) = 144 =

S ww=5w =5 +25ww=144 &
Sl =5 +w )+ 25wl =144 < 26w —5(w* +w ) =144 (3)

‘Eoto w=x+yi, x,ye R to6te ) 6%éom (3) yiveton:



26(\/x* +3°) =5[ (x+yi) +(x-yi)’ | =144 &

S 26(x° +y°)=5(x" =y  +2xyi+x° — Y —2xpi) =144 &
& 26x7 +26)° —52x° -2)y*) =144 &
& 26x7 +26y° —10x> +10y” =144 & 16x° +36)° =144 & Q
2 2 2 2
449y =36+l 12 o1
9 4 37 2
Apo 0 YEOUETPIKOG TOTOG TMV EKOVOV TOL W glval 1 Tap Ay pe PNKoG

peydiov nuidEova a =3 Kot pnKog pkpob nudéova S =2

Eivar 6pmg yvooto (pab. katevboveng B Avkeiov, cehida 14) 6Tt yioo 0mo100nTote

onueio M g éMhenyng woyvet 6Tt 25 <20M <20 M /f < OM < o.
Av A’, A, B’, B ot kopveéc g Edetyng, tote: A°(=3; 3,0), B (0,-2), B(0, 2).
N2,

Etot || =(04)=(04)=3 xai |w| =(OB)

Hoepatipnon TOLPOTAM®
naONTEG Ko VO OTTOPRTIHTO Yo T ADGT TOL EPMOTHUATOC.

LOF
@ nua etvar emPondntikd g Katavonong amd Tovg

B4. MzeBao YOVIKY 0VIGHTNTO Kol ETEON |z — w| = |w— z| EXOVLE:
[~ 2w 2] < ][] = [l =1 < = 2] < ] 41 4)

Tov Bj givat 2$|w|$3,dpa: |w|—121 Kot |w|+1£4.

(0]
@ ¢ (4) yphoeton: 1< |W—z| <4.



B1.

B’

H mopandve avicoon sivor n akyePpikn £k acz ng 1 < (UM) <3, pe (0A) = I7,
OM = |w| xar (AM) = | z —w| 1 omoia npom’) TO TOLPOTTAV® GYTLLOL.

Hopatipnon 2: To oynuo kot 886)58%\/0&1 ttro. Qo pmopovoe OUOGC
mTOOVOC Kol pio TETOW «YEMUETPIKT_ADOMY, oyt 1660 avotnpn 660 M
alyefpikn, va yivel katd v oGO @n GOw oyiog amodekt| aveEdptntn

AOom, kaBOGOV avOOEIKVOEL KOTAVORGH TNg C NG UETPIKNG OTO Hryadtkd
eminedo.
Hoepatipnon 3: &

Ta 600 mphTO spoan']uar devtepov \0énatog Bo umopovcay vo amavtndovv
YPNOLLOTOLOVTAS TNV d 9 tov\oxoM. BifAiov oeh. 101, yvoot ®g Kavova Tov

TOPUAANAOY POV DTO, ATQOETYOET)
[No xéBe z,,z, e C 10T |z1 kZ Z —22|2 = 2|zl|2 +2|zz|2

Amdoen: @ @

2 — . —
|Zl +ZZ| +|Z LIS (2 +%22)+(21 —2,)(2,—2)
=127, +E§//~%}(\?+ 2,2, + 22, 2,2, — 2,2, + 2,Z, = 22,7, +22,Z, = 2|Z1|2 +2|zz|2
Y TPOTOS YO Z] =z Kol zp =1 €yovpue :

lz=1] +]z+1] =22 +2|1]" =
4=2f +20 2 =2 =1e]|7=1

‘, YEDUETPIKOC TOTOG TMV EIKOVOV TOV Z €ival KOKAOG [UE KEVTPO TV 0pyN TOV
O

|Z1 —i—zz|2 +|z1 —22|2 =2|Zl|2 —i—2|22|2 =

aEovav O kot axtiva p = 1.
@; B" tpdmog: Ao oV KaVOVA TOV TALPUAANAOYPALLLOV EXOVUE OTL

graf +(V2) =22 e

|zl+zz|2+2=2+2<:> |zl+zz|=\/§



OEMAT

I'l.

yvnoiog avEovca 6to [1, +o).
AT T TPOMYOHULEVO TPOKVTTEL O £ &é&y

1

H f sivar ovveyng oto (0, +o) ¢ anorékecua TPAEe®V  UETAG) ~oVVEXDV
CUVOPTNCEMV Kol Topayoyion pe f'(x) = 1nx+— Inx+1- Q

Otav x € (0, 1) elvar x <1 o gnedn n cvvaptnon Inx g (oc_‘, oméovca

&xovpe Inx <Inl < Inx <0. Eniong x—1 <0 xot x>

‘Etotl Inx +x_—1 <0y kabe xe(0,1),apanf aivm@onca oto (0,1].
X

Otav x € (1, +o0) elvar x> 1 ot emedn Inx %aﬁ&ousa etvat Inx > Inl &

-1 -1
< Inx > 0. Eziong sivan 50 Yo KaOe & ©), ontote Inx +2X72050 Yo
X X

ka0e x € (1, +o0). Anhadn f7(x) >0 yt 9 e (1, +0). 'Etot duwg n f eivon

a@mwv Y. v fi

& Oz

(-1)

Ensid1 f yvnoing a oTO0 etvan £((0,1]) = [ f(=1), lil}.q+ f (x)).
Opaog lirg f(x)

A fetvan yvncs}&)g avéovoa 610 [1, +oo) eivan

+oo)) [l+oo) (2).

, (2) TpoxvdmTeL 4L TO GUVOLO TWdV TNG f €lval to [—1, +o0).

|!
Tapatipnon: H povotovia g f ota dwotiuate (0, 1] xou [1, +o) pmopei va

TPOKVYEL Kol O TO TPOGTIO TNG OEVTEPTG TAPAYDYOL:

f"(x):l—(—%J=l+i2>o, 1o k60 x > 0.
x U x) x x

Apan f7 eivar yvnoing avéovoa oto (0, +oo) kot emedr] (1) =0n x =1 givar
povadkn piCa g f7(x) = 0. Axoun, eivat:



I2.

I'3.

e O<x<le fl)<f'He f'(x)<0apan f givaryv. pBivovca oto (0, 1].
e x>l fl(x)>f'()< f'(x)>0,apan f givaryv. av&ovoa 6to [14+).
H f mapovcialet (oAikod) ehdyoto oto x=1 to f(1)=(1—-1) Inl — .

; —1 _ 201 , . . . .
H eéicoon x ' =™ (eneidy n cvvapton y = Inx sivar yvnoi oVGO Ko GpoL

1-1) ypoetar tlGodvvapa:
In(x*") =In(e”") < (x-1)Inx=2013 < (x—1)Inx-1=2012

o f(x)-2012=0. %
Amo 1o ') epdnUO glva: %7

o) £(€0,1]) =[~1,+e0) apa vmapyer x1 € (0, 1)/@ote fixy) =2012 karenednn f

7

elvar yvnoiog ebivovoa sivor ko 1-1, dpa N x; €lval povadiky oT1o
ddotnua (0,1]. v
B) F([1,+00]) =[~1,+), Gpa vadpysl x; € (1, +0) dote f(x2) = 2012 xan

emewdn N f eivor yvnoiog avéo G‘ ot Ko I-1, dpa n T x2  eivan
Hovadikn 6to dtdotnua [1, +o0). L\] \
Amo o) ko B) TporvmTel OTL M SOGué@wcn sx% Phg Betikég pilec.
Bewpovpue T cvvaptnon h(x) =@q— 2012 e x € (0,+ ).
N~

e H & givar cvuveyng oto [x1, X2]
e H / sivau mapayoyioun oto (xg, x

CUVOPTNOEMV LUE h'(xx)+ fx)r<20 .
o h(x)=e"f(x)—2042-e 2012@012-@‘l =0
h(x,) =e’“2f(x2)z =2012-¢} —2012-¢* =0
Apa 1oydovv ot mpoimobéoseig Rolle ywo v 4 o710 [X], X2], 0mOTE VIAPYEL
X0 € (x1, X2), (i)cstz\\ %?» 0
e (f'(x,)+ ]& 12% ﬁ(@(xo%rf(xo) ~-2012=0.

Oewpodus.n apmon A(x)= f'(x)+ f(x)—2012 pe x> 0.
H f eivdr cvveyng oto (0,1 o) g yivopuevo cuveymv.
et vveyng oto (0,+ ) mg abpotopa cuveydv.

g
A elvatl ocvveyng o1o (0,1 ) og ABpolGLa GVVEXDV.
e an h etvar cuveyng oto [xy, xa].

T

T2
(xl)=f’(x1)+f(xl)—2012=f'(x1)+2012—2012:f'(x1)<0, agob and 1o Tl

Q v x € (0, 1) givor f'(x)<0.
2
o h(x,)=f"(x,)+ f(x,)—2012= f'(x,)+2012-2012 = f'(x,) >0, apov and 1o I'l

vy x € (0, +0) givar f'(x)>0.
Anhodn  etvar  A(x,)-h(x,)<0. Amd 10 Oehpnuo Bolzano Bo vmdpyst éva

TOVAGYIGTOV X € (X1, X2) DOTE:
h(x)) =0 f(x,)+ f(x,)—2012=0< f'(x,)+ f(x,)=2012.



4. Eivou g(x)=f(x)+1=(x-DInx—-1+1=(x—-1Inx >0 yw k4bs x € (0,+ ).
2
Apa: E(Q):j1 (x—l)lnxdx=_[l xlnxarx—j1 lnxdx=L (x?)'lnxdx— [ ooyt =
Coex? et 1
={—ln } —L?;dx—[xlnx] + dx—?—g.[ xdx—e+[x
e [ e e’ 3 e’ -3
=——|—| —e+e-l=———+—-1=—-== .
2 1 4 4 4 %
OEMA A
Al.  Begwpodpe tn cvvapTNoN

2
al , xe(0, +oo)

G =|’ N de -2

sz_ fdt = = Hx* —x + 1), 6mov H( (t)d@wm ocvveyng oto (0, +0)

apa n H(x) etvon mapayoyicyn oto 6 i b +00) . ny= X —x+1 eivar

mopayoyiown oto (0, +o) og T k picr], A (x2 —x+ 1) elvan

Tapoy@yicn g cvvheon map mmv % ewv. Eniong mapayoyiown sivat
2

Koum — ®g noh)(nvvml(n ‘Etot n ou paymyiciun g adpoicua

TOPAYOYICILOV HE G'(x = @l) ——({1-2x), v ka0 x € (0,+0).

xZ
H doopévn oyxéon I (t)dt Z%ngﬁn G(1) = 0 ypaoetor 1oodvvapa:
xz—x+
L ' ydi - N c@ (1), y10 k60 x € (0,+00).
1 n&

H ovvépno L wapayoyion oto (0, +0) kot mopovcstalel
TOTKO LG 0 Yo X = elvar ecotepikd onueio tov (0, +o0).
1
Amnd to e Fermat poxvmtel tote 611 G'(1)=0< f(1)=——.
e
vveyng oto (0,+) kar f(x)#0 y ke x € (0,40), n f dwotnpel

poonuo oto (0,+0) kot enewdn f(1)= —l <0, eivor f(x)<0, x€(0,+x).

‘ | f (x)| f(x) a1 amd tn doopévn oy€omn TPOoKHTTEL

Q

lnx—xz[-[ lr}t( )t dt+e j(f(x)).

[Na ™ ocvvapmon A(x) = J

dt +e 1oybvel h(x)#0 yuo kabe x > 0, d16T av

f ()

vpye ¢ € (0,+0) dote h() =0 tote BaNtav Iné— &= 0. Avtd duwg givar dromo
EMELON Y10 TN cVVAPTNON @(x) = Inx —x 1oyvel @ (x) < -1<0 Yo kGOe

x € (0,+0) (cOpP®Va e TN YVOOTH QUPLOYN 6TN 6EA.266 Tov GYoA. P1Aiov) aAAd



, , 1 I-x ., \ , ,
umopei kot va amodsrydei: ¢'(x) =——1=—— ondte dnmwg mpoxdrtel amd ToV TIVaKa,
X X

uetafordv g o sivor @(x) <-1<0 vy kaBe x € (0,+0).

¢ (x) + B Q
o| ||~ | T ?

max

o(1)=-1

(*) H ovvapton f(x) = 1 Inx—x sivon napo&%i(ﬂw} ®¢ TNAMKO
(r nt_tdt-i—ej
A
ax4-x

TOPAYOYIGULOV GUVOPTNGEDV, EVO TPOKVRTEL (
? \ X

O1 cvvaptioelg Kol oo dVo PEAT &t aywyiot
Inx—x xInt—t -

[ @) j ) Ul o d”eJ T

Av Béoovpe g(x)= vpe X (x) 7 kabe x e (0, +o), omdte

COLOMOVO, LLE TNV 8@&;@8?@8 u‘ ov oyohko¥ PiAiov siva:

g(x)=ce", dhaon @—

xInt—t

dt+e

(*) o

Ao 10 avtd Bo umopovoe vo, akolovdndsi kot 1 e&ng mopeia:

@wapmcn h(x) = I h;(t) dt +e &yovpe 011 eivan mapaywyicwn oto (0,+0)

Int—1 | , } R , Inx-x .

1 n glval ocuveyng oc miiko cvveydv. Eivon /2 '(x) = , OTOTE OO
() J(x)

mv oxéon Inx—x= u lr}t(t_)t dt + ej (f(x)) mpoxvmter Inx —x = h(x) fix) <
Inx-x_ h(x) < h'(x) = h(x), x € (0, +o0). Tote dpmg eivar A(x) = ce’.
f(x)

Ene1dn (1) = 1 mpoxdmterc =1, Gpa h(x) = €.



A2.

A3.

A4.

Anhadn Inx-x _ " < flx)=e(Inx —x), x € (0,+0).

J(x) %
Eivaw: lime ™ =e’ =1, limInx=—0, lim(-x)=0. Q
x—>0" x—0" x—0"
Apa lime“(Inx—x)=—o0.
x—0"

Téte dpog lim L _ 0.

T ?
Av 0écovpue ! ) =u &ovpe u <0 kot %7

X
lim| #2(x) 1 £ | =i 1 1 u—u](g] ) (Guvu—l)
im mp——-—f(x) |[=lim| —npu——|= = lim =
x—=0" M f(x) u—0" uz M u u—0" u2 u—0" 2u
=l lim(csvvu—l) =l-0 0.
2 u—0" u 2
H F givat dvo @opég mapaymyiciun oto A
F'(x)=f'(x)=—e"(Inx—x)+e"( !
Eneion x—1-Inx>0 xot 1 > G0e x F"(x) >0,y xa0e x>0.
X
Apa n F eivar xopt oto (0,+0). &
H oyéon topa F(x)+F (3 (2x) ypapeTaL:
FOx)— F(2x) > FQx) Sy x> 0 B0 =120 FE)-Fx)
3x—2x 2x—x

Ano O.M.T. ywo v oo [x, 2x] o [2x, 3x] avtioTora vadpyovv

ey - F2x)—F(x) e
$)= oy —x Ko F(5,) Ir—x

& e (x, 2x) ko %3@ .@
omoTE apKel v@@s 0Tl i 5> F'(&) ne x <& <2x <& <3x. H tehevtaio givar
. KQ

F(3x)— F(2x)

aAndng ST F etval kopt kgt dpa . F” yvnoiog avéovoa oto (0, +o0).

H F &t VVEYNGS Kat Tapay®yiciun oto (0, +oo) dpa ka1 n A.

Ocwpoy % vapmon h(x) =2F(x) — F(B) — F(3p), x € [B, 2/].
h i% S?— F(3p)
h@” (25) - F(p) — F(3p).
T F'(x) =fix) <0 ywa«abe x € (0, +oo) n F givar yvnoiog edivovso 6to

f@_
né B <38 énctav F(B)> FGP) < FB)— FGH) >0 < h(B)> 0.

QAGY(D topo Tov A3 givan () = 2F2B)-F(B)—-F(3p)<O.

Apa h(S)-h(2p) <0, ondte MOY® ToVL Be®p. Bolzano mpokimtel 0TL vITAPYEL
§e(f.2p) dote h($)=0< F(B)+FQBS)=2F().

Htym ¢ elvon povadikn d10tL ) cuvaptnon s eivarl yvnoiong ebivovca kot dpa 1-1,
aeoV A'(x)=F'(x) =f({x) <0, ya xéBe x € (0, +o0).



