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iv. 20016 @7

v. AdBog
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A

2UVETMOG

99| 1002
2 V2

de |z_1|2+|24%§§4

S

(z-1)(z-1)+(z+1)(z+1)=4 ©2z2-2-Z+1+22+2+Z+1=4 &

277=2 = =1 7=1.

=\

Apa 0 YEOUETPIKOG TOTOG TNG EKOGVOG TOV uwaém@ 07O HYadIKO eminedo

elvar o kOKA0G (¢) pe kévrpo O(0,0) ko axtiva {

2°° Ipomog
‘Eyovpe o011

Emiong

50
(1_+1J100: (142147 o
V2 2 2
2ZVVETNQ
p-@ﬂf:4@(z—1)(2—1)+(z+1)(2+1):4@|z|:1

2wW-z2-272-W+4=02w-z-2z2=w-4 &
‘ 22(W—1)=W—4:>2‘ZHW—1‘=‘W—4‘:>

=2 Lw-1=|w-4cdw-1 =|w-4] =
dw-1)(w-1)=(w-4)(w-4) =

(
4(wv_v—w—§+1):w§—4w—4§+16@

1, hadn (¢): x> +y° =1
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B.3.

Aww — 4% — DW 4= ww — 4 — I +16 < @
S3ww=12o|w =4 o |w=2. %;?

i. AQoV 01 EIKOVES TV YASIKOV 7, Z), Z3 VKOOV of%gﬂo (C) oyt 6t

|2,| =|z,| =|z;| =1 ombte ‘Zl‘z :‘Zz‘z :‘23‘2 —1ez,7, =Z3Z_3=1

, - 1 _ 1 A;
OVVENMG. Z, =—, Z, =— Kol Z; =— . Exoppe 6t
Z, Z, Z3
T:[zl+z2+z +2,2, +2,2, +zz] zl+é§ +zl_zz_éz +2,°2y _
l+2zz z3 +2,-2,-2,
i+ 1 N 1 N 1 @ +2Z, 2,42 2y 2+ 2, + 2,
z, z, : 21772574

=t
% 7,7, 7, +1
272,74

apa teR. %
ii. Ioyvel |- W| 2, ~w 2] +]w] _ 142 =3 kot
W] - g RN
|ZI_W| |z, |W” |1 2| (xp(xl Z =Wl _4
w—zz‘ |W| |Z2 3 |lw-z,|

2 Tpomog

Icsx1)81Hz| |w@z W|<|z| |w|<:>1<|z —w|<31<ou
- \zzu@ sl o 15w -z s3e ss <1

[ToAl @Cwus KOTA LEAN Kot £YOVLE

2

UJ

F apaTNPOVUE OTL yta K@Be x > —1 &yovpe:

£(x) = £(x) =———In(x +1)=3 & £'(x) - —— —£(x)+In(x +1)= -3 =

X+1 x+1

[£(x)~In(x+1)] ~[£(x)~In(x+1)]=-3 (1).
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r.2.

Oempodpe T cvvaptnon F(x)=f(x)-In(x+1)(2). Téten (1%@&&1:
F(x)-F(x)= —3G;OF' (x)-e™-F(x)-e"=-3¢" < (F()é)%py )’ = (3e_

(2)
Téote F(x)-e™ =3e™ +¢c < F(x) =3+ce" <:>f(x)—ln(x: 3+ce
I'o x =0 éyovpe £(0)-In(0+1)=3+ce’ & 2=3+ :—1.
Apa f(x)=3-¢"+In(x+1). é
20¢ Tpomog &

[a kéBe x > -1 &rovpe

Sy
£ (x) = £(x) = ———In(x +1)-3 & %7@

x+1

et f(x)—e ™ f(x)=e™" i@-ln@)—%"‘@

X
_x-f( )_eX ln(x+1 +3e %f@( +l)+3+C-f:_X
[a x = Oaxovusf () =In O—@o 2=3+cec=-1.

Apa f(x)=3-¢"+In(x

a. ‘Eyovpe €* —In x+ﬁ§$+ln x+1)=01f(x)=0

Etvou:
Kouf (x)=—¢"- ! -<0.
X +1 (x+1)
Apon @y\mmwg pOivovoa kot woydet £(0)=—e’ +ﬁ =0.
_l’_

Tote
<O<:>f >f(0)<:>f(x)>0

044\\1“71 X>O©f(x)<f(0)©f(x)<0
S

Sy

©

X -1 0 + o0
f'(x) + 0

R
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XOVOAO TIUDV %

e Av xeA, =(-1 0] tote enedn 1 f elvan yvncwag avg KOl GUVEYTNG

1oy vEL f(A)= (( 1 0]) 11m f(x 2] Yot
lim f(x)= lim (3—e +ln(x+1) = —o0 KOl f

x—>—1 x—>—1"

e Av xeA, =[0,+0) 1618 emen 1 f eivan y@g (pleoucsa KOl GUVEYNG

wyoel f(A,) =T ([O,+oo)) (hm f(x O)%% 0,2] ywi

X—>+00

11mf(x)—11m(3 e +1n(x+1 :ﬁ?ﬁ e 1 111 x+1))__oo

onov lim O 0 kow lime™ =0

X—>+© eX DLH x—+ e X—>+©0

p—
-
)
N—

Apa vmapyovv p, e(— povadikd (Adym povotoviag)

@ efiooon e —In(x+1)=3 &et

wompa (—1,+00).

o dote f(p)=f

akpag dvo etepoonueg pi Cg P1>Py
B. Eivaq @

3+In(x+1)=¢"+ +In(x+1)—ox’ =0 = f(x)-ax’ =0
Aswpodpie ™ & G@: f(x)-ax’

—_

ke

S

~—
Il

['a v cuvap k 1oyvovv:
e Eivat ggis ot ddonua  [p,.p,] ©¢ dOpocua  GuveydY
cmvap@
apl —Otpf
:f apz —OLp;
P

%%8 k ) k(pz) Oﬁzpfpz (1)
&\A\/ a =0 1ot l{(pl).k(pz):()<:>{k(pl):0c>pl oia

k(pz) =0 p, piCa

<§o Av a#0 10te k(p,)-k(p,) <0, and m oyéon (1) yati p,p, <0.

And 0. Bolzano vridpyet tovhayiotov éva p € (p,.p,) dote k(p)=0

Telkd, vapyel TOVAG(IGTOV [t Aoon 6To Stdompua [p,.p, ]
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) ° B° ®ATH —@/I
NOLZILNOGJO m
v. Tapammpoovpe ot @
In(lnx+1)+e' >Inx+x < In(lnx+1)-x+3>In(x - " YZe ' +3 o
f yvno. ¢biv.

f(lnx) > f(X —1) < Inx<x-1 (amd 10 epdOTNUA (O1))
OV 1oYVEL Yo KAOE X > 1, Aoy® epapproyng 2 tov c@ oeAida 266.

Eivan
2-f(x)+In(x+1) 2—(3—ex+ln(x+mln(x+l) ¥ —1

G(x)= =
(x) x-e" +1 x-e%% x-e" +1

Torte

G,(X):(ex_1),<x.ex+1)—(ex_1)(x,ex@7_ eX(X'eX+1)—(ex—l>(ex+x.ex) )

(x-e"+1)2 (X-CX+1)2
\%ég? P
G,(X):e [(x-e +1)—(e ~1)(1+x g +1-e* — x<€ +1+x) e (X_e +2)

X-GX+1)2 (X-e"—i-l)2

(X'GX+1)2 & (
Etvon e >0 o K6 €
(x-e"+1)2 @

Osmpovpe ™m @vd@ g(x)=x-e"+2,xeR, ondte

x)<0<:>1—e"<0c>ex>1c>x>0. Apa m g elvar yvnoiog
VOO
e ke x > —1 &ovpe:

O P
g'(x) + 0 -

g(x) / ’\

H g mopovoialet péyiom tun myv g(0) =1.
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2OVOALO TYLDV TNC &

e Av xeA =(-10] tote emewdn n g eivar ywoing %éovca 1oyVEL

1

e(A) =2((-1.0])=(time(x).£(0) = [1-1.1]
! S

llmg(x)—hm(x e +2)—1—l>0 @

x—>-1 x—>—1 e

Tote dev vapyet Aoon yoti g(x) 0= G @# 0 7

Tt

k60e x € (—1,0].

o Av XGA2=[0,+oo) ot M g ;gi&@ncimg eOivovoa kot oyvEL

g(Az) = g([O, +OO)) = (XILIEOg(X),g —oo,l] yuoti
limg(3)= fim (x—¢ +1)—1 - ;}—oo
e’ E

ot lim I&goo

lim —
x—>+0 ¥ DLH X—)+oo l

Tote vapyel LovadKo @0 »oTE g =0¢e g(AQ)
VNG ew
N g(x)>0c>G(X)>0

['a x<x,

l“wx>x0gyv% (x,) = g(x)<0<=G'(x)<0

Apa n G givan olmg avEovcsa 6To SLUGTNHO [O X ] yvnoing edivovca
610 [xo, ) eivan TomiK6 péyioTo (Lovadikd).
Anétn%ng Oaxovusx —e"+2=0e" =x,+2.

OEMA A @

@(x (x)+e*-f(x) via k@Be xe[0,+x)

kit N G'  eivan

%ztupaymywtun o¢ Gfpooua mapayoyicipwov cvvapmoenv e G kal tov

©

ywopévov e* -f(x) (exBetiicn kot amd vodeon ) e ToPAy@yo

G'(x)=G'(x)+e" f(x)+e* - f'(x)=G(x)+e* - f(x)+e* - f(x)+e*f'(x)=

“e [ r(0)dts 26 (x) e (x) - e"( fo(t)dt+2f(x)+f'(x)j 0 B

TA OEMATA ITPOOPIZONTAI I'TA AITIOKAEIXTIKH XPHXH THE ®PONTIETHPIAKHE MONAAAX |  IEAIAA:7 AIIO 14




E AN AN A A O I

OMOZNONAIA

E

NUL1LXXIL1LNOGJLdO®

S [=]

NUMXMILAIVIVUMI

OMOZIIONAIA EKITATAEYTIKQN ®PONTIZTQN EAAAAOX (O.E.®.E.) - EHANAAHIITIKA ©EMATA

EITANAAHIITIKA OEMATA 2015

- E_@/IM@T(@
B  ®AXH
/M)

(Zy6Mo oy. Pipriov 254).
Apa e (2f (x)+f(x )) >0 2f(x)+£'(x)20 (

Hyv.a

Eniongyw t>0 = H()>H(O):>H(t)>e0 H(t)>1>0=
e £ (t)> 0= £ (1) >0:>J' de>0 2/

An6 (1) xon (2) pe mpdcbeon Exovpe J- @Wt +2f(x)+f'(x)>0

Apa 1 ovvdptnon G givor kupt 610 oo)

B. ® movvapmon G eivor vasxn@ﬁw [O,x]

* TUPAYOYIGIUN GTO 81(16 G'(x)=¢"-f(x)+¢" I f(t)dt

Euu(pwva ua 0 O.M.T. @/@Z)@ TOVAQYIOTOV £vol ie(O X) mhoTE

G@ﬁv&

e ApovnG eiva

wou yvnoiog avéovoa. Apa yuo:

0<E<x & ) (x)<

@G(@%‘(Ok . <G'(x)e
QIQTX)<G'(X) g)x<G(X)<X-G'(x) i kGBe x € (0,+00) .

TG mapayayioes cuvaptioeg ¢(x)=G(x)—x pe
"(x)-1 kv h(x)=x-G'(x)-G(x) pe

%+X-G"(X)—%=X'G”(X).

G yv.avE.
Mo x>0 = G(x)>G(0)e G (x)>16 G (x)-1>0c ¢/(x)>0

Emopévoc n suvaptnon ¢ ivatl yvnoimg avéovoa ondte £Yovpe:
INa x>0 ¢(x)>9(0) = G(x)-x>0 G(x)>x (3)

e Ioyder h'(x)=x-G"(x)>0

Enopévag n suvéptnon h etvar yynoimg abovca ondte £xovpe:
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Am6 TG oyéoes (3) kar (4) mpoxvnrer x < G(x) < x-G'(x

[wx>0 h(x)>h(0)<:>h(x)>0<:>x-G' x)>G(x) (@

v. EmumAiéov woydet:
G(x)<x-G'(x)=>x-G'(x)-G(x)>0 ya kGbe oo).
H ovvapmon h(x)=x-G'(x)-G(x) sivar GDV?Z@% vaptmon S0t
e H ovvdpmmon H, (X) =X &ivatl ocuveyns og MVOUIKN
e H cvvdptmon G' agod opiletarn G", é%og kot N G mov avagépeTal
napomdve sivoalr cvveyeic. Emopuévoc n h x) glvar ocvoveyng yw KaOe

Ly

x € (0,+0) Kkar x, €(0,1).
‘Exovpe: @
1
h(x)>0=| h(x)dx>0< (}@& Sev.glvar mavta undEv).

Xo

@L(x.G’(x) G(x))dx@%@%
N J.1 &

&\ J-Oxx-f(t)dt—x2 0

lim =— ywti

? x—=0 X —MUX 0
@‘r-b. vapton f (X) =X &lval Topaymyioiun og TOAMVOUIKY).

H f sivar ovveyfic og mnopayoyicun omdte m fz(x):j f(t)dt sivan
0

TOPOYOYIGUUN.

H cuvapmon f;(x)=x> eival mapayoyiciun og ToAovopIK.
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X

H ocuvaptnon f4(x):rx-f(t)dt:x-f f(t)dt eivon mopeyoyyi
0

0
YWOUEVO TTOPAYDYIGLL®MV GUVOPTCEDV. %7

H ovvapmon f;(x)= IOXX f(t)dt—x* siva mapayayioym og dwaeopd
TOPAYOYIGILOV GUVAPTIGEMV. g

H ovvdpmon f; (x) =MNux elvor Topay®yicyun og VOULETPIKT).

H ovvdpmon f, (x) =X—-nux  &ivon o@t yioun ©g¢  dpopd
TOPAYOYIGILOV GUVAPTI|GEMV.

Apa ot ovvaptioelg f; ko £, eivorl mapaymyioyleg Kot £xovpe

llm(j x-f(t)dt—x j 0 KoL X—-Npx)=0

x—0

Emopéveg &yovpe ampocsddpiot @% @ KOl Ol OLVOPTNGELS &lvon

TOPAYOYIGUES KOVTOL GTO UNdEV
KOVTAQ GTO UNdEV ypaeeTot

Joxay Q%m—

n G AmPOGOOPLoTiRG TO OpLo

X-(fo(t)dt—xj

lim =lim =
x—0 X — n ”‘X x—0 X — n HX
dt X
2015
=2015
YTl pe QopUoyYn mvova e I Hosp1ta1 apob 1oydovy o1 Tpoimodicelc Tov
EYOVLE: @
0 [
. % . 3?0 . 3x? . 6X
lim m——=lim—— = hmﬁ =lim——=6

0x H 0 ! 0] — DLH 0 ! 0
X % X X T“JX) -0 ] — gLVX X—> (I—GUVX) X0 M UX

| U-:f(t)dtj’ -1 i
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2 Tpomog

‘Eyovpe %7%

[ xr@a-x xra-y
0

(Xé[@fﬁ)dtj -2x
lim =2 = lim = lim , =
x—0 X—T]HX x—0 X—T“,LX DLH x—0 <\%X—T]HX)
X.f(X)+IO"f(t)dt—2X . X~f(X)—X @(t)dt—x

=lim =lim —
x>0 1-ocvuvx x-0|  ]1—gouvx 1-ocvvx

| olo

=lim

x>0 X .l—GUVX 1—@
EE——_— Xf@ﬁ?
tim| TR,

x>0 X 1-ocvvx 1-Guv

yoti pe EQapRoyn tov K@a i ospital apov 1oyvovv o1 Tpobimobicelg

TOV £YOVE:
G el B % @:f’(0)=—2015,
x—0 X X 3

(Xz) . 2Xx 2

015 2015
+

-2

=2015

o lim ’:hm = lim :222
H x—0 (1 _ GUVX) x—0 NUX x—0 M 1
X
0
. C i PO F)=1(0) - (0).1=2212
DLH x—0 npx x—0 X T”’LX 3

x+1
m GvVvapTINo F(x):j G(t)dt m omoia opiletor oo [0,+x)

pov M G eival cvveyng o€ aVTO KOl Ol GVVAPTNGELS X, X+1 &yovv medio
ptopov o R ko Oa mpémet:
Q xeR

x>0 =x>0.

x+1>0
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E_@«B@T(u)
A

Apa 10 D, =[O,+oo) Kal givor mopoyoylowwn ce avtd pe n@ywyé OV

opiletar mg €€NG:
‘Eotw o e[0,+x). Tote

F()=[ G6(0de- [ G(odr= @
= F(x)=G(x+1)(x+1)'-G(x)=G(x+1)-G(x)

e HF ovveyng xa mapaymyioym oto [x,x +1] @ ). Enouévag ioydovv
G

ol mpovmoBécelg tov O.M.T vy v F

X+1-x

oua [x,x+1] omdte

VIapyEL éva TOVAIYLGTOV x X +1
0 I G i G T F%% G(t)dt -

T£TO10 MOoTE

: G(t)dt

e Movorovio ¢ F' @
Eyoope:  F'(x)=G'(x+1 )' @b&):G (x+1)-G'(x)>0 yuw
KGOe 670[0,+0) apov ot SL& TN G eivan kopt dpan G' eivan

yvnoimg VEOLG WL Kol

G' yv.aé.
X<x+1 = G

!

oyveL:

(L G (x4 1) -G/ (x) > 0.5 F'(x) 0
ondten F eivar W@ @

aiay 7S

[oyvel Ot

ie X X+@:>X<§<X+l:>§<x+lFW:;DéF(&)<F'(X+l)<:>

(t)d G(t)dt<G(x+2)-G(x+1) =

@&%ﬂ G (1)dt <G x+2)J' G (t)dt
ol

x+1

Esmpof)us mv cuvapton o(x)=G(x+1) —J- G(t)dt,x>0.

Q ‘Exovpe yw o € (0,+0)

@’(X):G'(X-i-l)—(LXHG(t)dtj’ :G’(X+1)_(I:+1G(t)dt—J-:G(t)dtj _

!
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A.4.

=G'(x+1)- X+1)+G X)=

(x+1)-G(x+1) +G(x) é
x+1 x+1 X
= e [ (D) dt +e .f(x+1)-w+exj F(v)dt
=" .f(x+1)+exrf(t)dt >0 100 k6Og x € (0,+00). %5
Emopévog n suvapton o eivat yvnoimng avéovoa csrog! ) oo) .
[oyver
x<x+loo(x)<o(x+l) < g©
X+1 X+2
@G(x—i—l)—j G(1)dt<G(x+2)~[ G(t)dto
X 1
X+2 X+
<:>G(x+1)+J- G(t)dt<G(xZ% G(t)dt
x+1 X

Eivat

G(0)=0 %’(x) =G (x)+e*f(x) omdte G'(0)=G(0)+e’f(0)=1(0)=1
Apan s@n G €PATTONEVNC 6TO onueio O (O, G (0)) etvau:

& y-G(0)=G'(0)(x-0) = y=x
En@ G elvar xvpm ka1t 1 y=X ¢&ivol €QATTOREV] NG YPAPIKNG
m@cmcng g G 610 onueio O(O,G(O)) oydet o1t G(x)—x 20 Yo kGbe

[0.1].

@natSﬁ nG (X) —Xx elvar ovveyng 1o epPfadov etvan

E= J-OI(G(X)—X)dX =

:jolG(x)dx—ledx =£exuoxf(t)dtjdx{§1 _
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:IOI(ex )’(J‘Oxf(t)dt)dX—%= %é

_ {ex U‘O"f(t)dtﬂ; _Ll o U‘O"f(t)dt]' dx —
:eﬂf(t)dt‘w j‘ole"f(x)dﬁgz
1 2G(1

=G(1)—1——_2G )-3 @

2 2

[ TA @EMATA IMPOOPIZONTAI I'lA ATOKAEIZTIKH XPHEH THE ®PONTIZTHPIAKHE MONAAAY | XIEAIAA:14ATIO 14 |




