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Hpepounvia: M. Teraptn 27 Anpiiiov 2016
Awapkero E€étaonc: 3 a

AHANTI\@:

OEMA A @

Al. Bléne anddei&n Oempnpatog csxo BL celida 263.

A2. BAéme opiopd 6yYOAKoD ﬁlB)ﬂOl%l

A3. B\éme opiopd oyoicod [@0 303.

Ad4. va . BAéme oelida 171 oyoikov

a—=>A. To ocmwod L

BlBKlOD@ %
p—o>Z. Bka erda 217 oyxoikov Bifiiov.
Yo X BX erda 330 oyoikov Bifiiov.

02X, gys oelioa 192 oyoikov Bifiiov.
e—>A. omoTo gival: To e0MTEPIKA onueia Tov daoTOTOS A 6TO OOl
f dev mopaymyiletar | N wapdywyog g eival ion He T0 UNoév,
Aéyovtor kpiotua onueia g f oto ddomue A. Bhéme oelida 261

§ oy ooV PBipiriov.
O
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B  ®AXH
OEMA B é

Bl. T'w vo dciovpe 6tim f ivol cuveyng apket vo deiovpe 6t 1 GLVEYNG GTO

x, =1, kabdg n f 7y kabs x =1 elvon Guvsxﬁ@ypdéag GLVEYDV

GLUVOPTNCE®V.
Apxkel va dei&ovpie OTL linll f(x)=f(Q). <\
1°° Tpémog @@
x—1 u

Eyovpie lim £(x) = lim —— = lim©—L =1 = £(1).

x—1 e | u—0 gy
®Oétoviag u=x—-1 wyder av x —>1 ré@go Kol €161 T0 Oplo yivetal:
. e -1 . e'-1 e . .
lmll = " = 11113 =1 10 onmoé@xt N Tapdy®wyos TG GLVAPTNONG
X—> X — u—> u
h(x)=e",yuu x=0. @ @

cadass

3 -7
B2. Apxkeiva 5@)1)]18 OTL VITAPYEL TO HPLO lin}Ll() Kol givot Tparyportikog
X—> X —

~
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Apon f givar mapayoyiown oto x, =1,pe f'(1)= %
61O onueio

H &fiomon g epamtopévng e YpOPIKng mTopicTaons T

A(l,f(l)) givoit:
y—f(1)=f'(1)(x-1), dnhadh y- 1—— (x-1) onor

B3. Houwvapton g(x)=(x-2)e"" +1 eivar GDVS@ R og mpd&eig cuveydv

ot0 R, napowoaywlun 010 R u)g npaiag ToLPOL ywtuwv cmvapmcscov 010
R, pe g'(x)=e"" +(x-2)-¢" l+x

el
+.

‘Exovpe: g'(x) 20, ondte wydovv ot 1oddvvauies:

e (x—1)209<_:;0x—120c> le.@ %
Opoiog av g'(x) <0 mpokvmrel %

H povotovia kot ta axpotota T (@m GTOV TOPUKOAT® TIVOKA:
X —o0 @) +00
¢/(x) YS9 "
@ min
Q>
Emgion % g mapovotalet  OMKO eM(loTO Yo x=1 10
~2)-¢

T +1=-1+1=0, wyder g(x)=g(1), yu x6be x e R.

An@cxﬁa g(x)=0.yukabe xeR.

Hy/g&swou Tapoyoyicyun oto R pe:

N e ! (x—l)—(ex_l _1) _ P R B US| _
5 ) (x—l)2 (x—l)2

x—1 x—1 _ x-1
_Xe _262 +1:(x 2)e 2+1: g(x)2>0 Y10 KGOg x = 1.
(x-1) (x-1) (x-1)
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Eneion n f eivor ovveyng oto x, =1 £metan 41t givor yvnoiog aﬁ@ca oto R.

[oyoer ot %7

B4.
e H g elvail cuveyng 610 ddotnpa [2015,2016] g Tapoymyioyn oto R.
e g(x)>0 vy kabe xe[2015,2016], kabdg 1 ov on g undsvileton
povo 6to x =1.
2016
Onote 0md Yvootd Osdpnia EYOVLE: j g(x)dx 2@
2015
OEMA I @k
I't. TwkdBe x € R 1oyvet 6t 44\\7

f(x)>fx+ﬁ@f(x)+f§>§@

Oewpovpe T cvvaptnon g(x) = x@x -3 ,ue xeR.

iy

[Tapatnpodpe Ot
2(0)=/(0)-V3 = ﬁ@?
Apa yo k@be x e R '1(’)@
(1) < g(x)=g(0

Aniadn n g mapovctalel 6to 0 oMkd gldyioTo.
Eniong to 0 @Gmrapmé onueio tov R ko n g mopayoyiown oto R pe:

, [ Q 3 - 3
g'(x)= %)‘F%x—\/gJ =f (x)+§.
2@ pe to Ocovpnuo Fermat woyvet otu:

%@):O@f’(oﬁg:O@f’(O):—g.

©
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[a kabe x € R woydel 6t

F(x)- £ (x)+ 7 () S @)+(F(x) =0 g
F(x) ' (x)+f(x)- /" (x)+ /' (x)- /" (x)=0 3%
F(x)-f"(x)+f(x) £/ (x)+ £ (x) f/(x) =0

(£() /() + £ (x) F(x) =0 A

E(f(x) 7 () +e F ()7 () =0 L)

e (F(x)- 1)) +(e") 'ﬂﬂ'ﬂﬂ@

(¢ 1 ()1 (x)) =0 @\

2% Tpémog

2. 1%tpomog %

N N

!

X

() -/ (x)- FiE) e £ () (S ) +e* - £1(x) - f'(x) =0

(er- f(x@ )
Me ggpappoyn tov Xvveneidv tov Ocopnuotog Méong Tyung npokvmtel 0tL
V70 t00epd ¢, € R tétow0 doTE va 1oyvst:

& (x)- f'(x)=¢,.
O\n x =0, &ovpue:

Q e’ £(0)- f(0) =, @ﬁ-[—gjzcl e =-1.

Apa o kébe x € R woyvet ot
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B ®AXH

r:m%%me)om)

I3.

e f(x)f'=-1cf(x) f(x)=-" <
2-f(x) f'(x) = —2¢ & (2 (0) =(2¢7) .

Q
S

Me gpappoyn tov Xvveneidv tov Osompriuoatog Méc zw']g TPOKVTTTEL OTL

vrapyel 6to0epd ¢, € R 1é€t0100 DGTE VO 1oYVEL:

fA(x)=2e" +c,. @
[a x =0, é&ovpe: &

2 0)=2e" +¢, ©3=24¢, e, =1. %7
Apa yu kdBe x € R 1oyvet ot

FA(x)=2e"+120. @\%@

H cvvapmon f sivor cuveyng o K@) #0 vy ka0e x € R, emopévag

n f dwmpel otabepd Tpdonw %

Eneidn f(0) = J3>0, 00 a%f(x
Emopévag: @
f(x)=+2e"+1, xd@y @§
1°° Tpémog \g
‘Eoto x,,x, € 1@ f(x)=f(x,).
‘Exovpe: \

f(x1)=f@c> x/2e"“l +1 :\/2e"“2 +1 <
gée x

Qe +1§ drle 2 =2 &
e ™

éey S—X, ==X, & X, =X,.
2%@ vvaptnon f eival 1-1 cuvapnomn, omoTE AVTIGTPEPETAL.

Yo kabe x € R.

@m

@{ f eivor mapayoyioyn oto R, pe:

7 =(V2e 1) = (2 +1) =

22e 7 +1 2¢ " +1

<0,y kdbe xe R.

Apa m ouvvapmon [ elvar yvnoiog ¢@bivovca oto R, omdte kot 1-1

GLVAPTNGOT), GUVETMG AVTIGTPEPETAL.
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I'4.

O¢tovpe y = f(x) Ko Eyovpe: §
y=f(x) = y=y2e"+1 (1) %7

Oa wpénel y > 0. Me avtdv TOV TEPLOPIGUO EXOVLLE:
2
-1
y2:2e_"+1<:>y2—1:2e_"c>e_x=yT(2) g
2 y>0 A

Ounpinet L >0’ 150y >1. @

Me avtdv 10V emmAEoV TEPLOPIGUO EXOVUE: &

Ine™ :1n(y22_1]@—x:1n[yzz_lj@@%@(yz _1]@

Apa givat:
7w =n[
X

,TO 0moio &ivat To TEdi0 OPIGUOV TNG

A

a1 TNV povotovia g f .
K\popa I = j ez—ﬂdx.
e (x)

e"+1dx_ Tt +1 P ex(e"—i-l)
2+¢" e’ +2

- S x
' - In(e-2) — 41 In(e-2) In(e-2)
% e’ e’

®it e =u,onote e'dx=du.
E e +l=u+1>0kmn e +2=u+2>0.

oy =In(e—2) sivart u=e"“? =e-2.
o0 x=0¢siviru=e’=1.

@noué\/mg:
Q

1

1 1
=Iu+1du=ju+2_ldu=.[(l— 1 )duz
S u+2 S, u+t2 oy u+2

=[u]_,~[n(u+2)]  =1-(e-2)~(In3-In(e-2+2)=
=l-e+2-In3+Ine=4-e—-In3.
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Al.

Apxet va Sei&ovpe 6T vrdpyet povadikd x, € (0,1) tétolo, Gote g(x,)=0.1

g’(x):(lnx+x)' =l+x>0,YlaKd98 x>0.
X

Apan g sivar yymoiog avéovca 6to (O, +oo) . ’

1° tpomog @i
Yvvenmg g eivor yvnoiog aﬁ&ovc@ 1o TN (0,1) Kol emewdn eival
ovveyns oo (0,1), &govpe: @

L
£((0)= 1 s tmao) - ().

apovy }ggl g(x)= }1_)1‘51 (Inx+x) :@% 12&&1\7_)17 g(x)=lim(Inx+x)=1

x>~

Enewdn 0eg((0.1)) n & O &xel pika oto drdotua (0,1) Ko

a@ov 1M givan yvnoing aHéouc o 6 M pia Oa elvar povadik).

2% tpomog @ @
Etvar lim g(x) =K X +§)§—oo.
x—0" -

X

Onodte vapye ovtd 6to 07 pe 0 < a <1 1ét010, hote g(ar) <O0.
Eniong g(1) +1=1>0.

Emopévo @) -g(1)<0.

Emgion glval ka1 cuveyng oto [a,l] g(O,l) oLUEOVO, [l TO Oedpnua

Bo@n covapmmon g €xel po TovAdywotov  pilo ©6To  drdoTnuo
(a 0,1).

Ez/ti@aov n g sivar yvnoing avéovoa o6to (O,l), omdte M piCa Ba eivar

@aﬁmﬁ.
QCQ"Q TpémO

Evoswktika, spappdlovpe Osodpnuo Bolzano yio v g 610 d1domnpa {l,l} .
e
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X1 ovvéyela 0o AMoovue v eicmon e = %o @
x ¢

Eneon x, >0 0o mpénet kar x > 0, ondte 1 e€iomon wodvvapa-yivetol:

_ X _ X
ex xO:—OC>lnex xO:ln_ng—xozlnxO_ln.X'@ g
X X <\

x+Inx=x,+Inx,  g(x)=g(x,). (1) @

Opmgn g eivar yvnoiog avéovoa, dpa kot 1-1,"o0mdte Erovpe:
gl-1

D)= gkx)=g(x) = x=x,. %7

i) [a 0 <a <1, to {ntovpevo au[@@sﬁzau

E :.Hg(x)—x|dx.

‘Exovpe: g
Inx/

x<leohx<hlehx<0sSvx+x<xo g(x)<x <o g(x)—x<0.

YUVETAOG 6TO [agu g3
Emopévog sivat;
1 1 @ 1 a
E:I(x— x:f%lnx—x)dx:_“(—lnx)dx:Ilnxdx:
a a a 1

dx :[xlnx]f —J-x(lnx)l dx :alna—jxldx =
1

1 X
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ii) A vtobeon £xOVPE OTL @ 1 cm/sec.
€

Avto onuoaiv

i@ M oV appod a avédvel, oNAad Kwveiton

OTOLLOKPLVO o Ko tpooeyyiCovtog to 1, apod 0 <a <1.
Enedn n 6%@0 o 00 a givou cuvapTNoT TOL XPOVOL t EYOoupLE:

E(t) = a(t)-In{a(r)) - a() +1.
O pueu@mﬁomg ToV givat:

SS
E %%Qa ) In(a(®)) + a(t)- (n(a()) - a'(t) =

L5 et +att @O _ ) =

a(r)
a'(t)-In(a(t))+a't)—a'(t)=a'(t) - In(a(?)).
RS

Tnv xpovicn otiypn ¢, oty omola eivor a(?,)) = x, &govpe:

% E'(t,)=a'(t,)- In(a(t,))=1-Inx, = Inx,.
@ Opmg and Al. epdtnpa woydel OTL:
Q g(x,))=0=Inx,+x,=0< Inx, =—x,.

Yovenag E'(¢,) = —x, cm¥sec.
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A3.  AmndvundBeon vy kaBe x >0 &ypovpe:

g
f(g(x)):f(x)—i—e"(x—l)—i—lnx. %7

x—0" x—0"

e w10 lirq(f(g(x))) &©

x—0

Y10 gpdtnua Al. dei&ape 6T lim g(x) @@
x—0"
Oétovtag u = g(x) éxouus lim u= @

Apa }E?(ﬂ = lim f(u)@

Emopévmg Ba 1oydet: g
lim(f(g(x))):1im(f(x)+e"(x—1)+lnx). A

2VVETOG:

ataat To Cnrodpevo.

e [w1o hm ) %
x—0"
H cvvdaptnon f elva nazow%%ck@g o R, dpa Kol cuveYNs o€ aTO.

lir})q+ f(x)= lim f (x) )

Eniong lim " = K (x 1) =—1.
x—0" §§ 0"

A

hm "(;( =-1.(2)

x—0"
Emn)»s@m@ouus ot hm Inx =-00.(3)
Amnd (1):(2), (3) mpoxvmret Ot
ligt ((x) +e" (x=1)+Inx)= £(0)— 1+ (-o0) =—
@m EYOVLE:
% im f(u)=—e 1 lim f(x)=—o

[a kaBe x > 0, &ovpe:

f(g(X)):f(x)+e"(x—1)+1nx<:>f(g(x)) f(x)=xe"—e"+Inx =

f(g(x))—f(x):elnxex —e* +lnxc>f(g(x)) f(x) Inx-+x

—e'+Ihhx e
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f(g(x))-f(x)=¢" —e"+Inx.

Awpodpe kor too 000 pEAN Mg Tehevtaing 100

g(x)—x=Inx>0, yio k4O x >1 Kot Egovpe:

f(g(x))—f(x) 3 es™) _ ¢ N Inx

g(x)-x  g(x)-x nx &©

He@) 1) e e )
g(x)—x g(x)—x

9

1: 0V 6po

f(g(x))—f(x):e’g“‘)—exJr Inx o @
g(x)—x g(x)—x g(x)—x A

e H cuvapmon f eival cuveyng Kot gﬁwyimm oto R, gmopévog givor

ovvegng 610 [x, g(x)]kar Tapayo L%w oto.(x, g(x)), y1o k6B x > 1.
Apa woyvovv ot tpobmobicelg tg@s 10¢ Méong Tymg yio v f
€

oto [x,g(x)]. emopévag 6 %px
TETO0, OOTE! @ &%
re)=2t (’“))):f (g,

g(x @

Topoy®yioyn
ToPAy®YIGIUN G

® QOcopovpe 1M %gm h(x)=e'n omoio &ivar
c
X

VMG givol GVVEXNG GTO [x, g(x)] Kol

, €
(x.g(x)). yia k6be x> 1, pe h'(x)=e".

(x.g(x)) ne 1<x<& <g(x)

oLUVEXNG KO

Apa wxl')o npovmobéoelg Tov Oswpnpatog Méong Tung yo v £z oto
[x.g(x)]-smopévas O vrapyet & € (x,g(x)) pe 1<x <& < g(x) tétomw,

(5)(5‘583@
g(x) x
h'(é 2—852 _e —e 3)
g(x)—x

N

&no 16 (2) kar (3) n (1) iver: /(&) =€ +1, pe & >1 ko &, > 1.

deikTikd £vag 2°° Tpémog sivan:

Q [a kabe x > 0, &rovpe:

f(g(x)):f(x)+ex(x—1)+1nx<:>f(g(x))—f(x):xe"—ex+lnx<:>

f(g(x))—f(x):elnxex —e” +lnxc>f(g(x))_f(x):elnx+x

—e'+Ihhx e
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f(g(x))—f(x):eg(")—e"+lnx. é
Onore: f(g(x))—eg(x) —g(x)=f(x)-e"—x.(1) %7

‘Eoto 1 ovvapmon y(x)=f(x)—e" —x,x>0. g

Tote n (1) yiverar: y(g(x)) = y(x), yw kabe x>0

Eeappélovpe 1o Ochdpnua Rolle yio tv cvvdp& 010 [x, g(x)}

v KaBe x> 1.

H y eivar cuveyng oto [x g(x) | kot n@mywtm 610 x .g(x )) Y10 KGO
x> 1, og mpaéeig cuvexdV Kot napow ®V GV vapmcssoav ot

SCTLOTA OVTA.

Aoyo ¢ (2) woyvet y(g(x)) :& %

Apo. vapyEL £vag rovkdxw@iv apw@ £ e (x, g(x)) , Gpa kot &£ > 1, TéTo10G

“oTE y'(«f) =0. @

Opag y'(x x)@%ﬁ, : f1(£)—e" -1=0.

Onote govpe 17 %%e§+l, >1.
I'a & = 52 cfrou t0 {nTovuevo.
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